Abstract. We extend Igusa's description of the relation between invariants of binary sextics and Siegel modular forms of degree 2 to a relation between covariants and vectorvalued Siegel modular forms of degree 2. We show how this relation can be used to effectively calculate the Fourier expansions of Siegel modular forms of degree 2.
Introduction
In his 1960 papers Igusa explained the relation between the invariant theory of binary sextics and scalar-valued Siegel modular forms of degree (or genus) 2. The relation stems from the fact that the moduli space M 2 of curves of genus 2 admits two descriptions. The moduli space M 2 has a classical description in terms of the invariant theory of binary sextics. But via the Torelli morphism M 2 is an open part of a Shimura variety, the moduli space A 2 of principally polarized abelian surfaces. Therefore we have two descriptions of natural vector bundles on our moduli space and thus two descriptions of their sections. The purpose of this paper is to extend the correspondence given by Igusa between invariants of binary sextics and scalar-valued Siegel modular forms of degree 2 to a correspondence between covariants and vector-valued Siegel modular forms of degree 2. We give a description of vector-valued Siegel modular forms of degree 2 in terms of covariants of the action of SL(2, C) on the space of binary sextics.
Since the complement of the Torelli image of M 2 in A 2 is the space A 1,1 of decomposable abelian surfaces (products of elliptic curves) we have to analyze the orders of modular forms described by covariants along this locus. The scalar-valued modular forms χ 10 and its square root χ 5 that vanish with multiplicity 2 and 1 along this locus play a key role.
We shall see that the 'first' vector-valued modular form that appears on Sp(4, Z), the form χ 6,8 of weight (6, 8) , corresponds in some sense to the 'universal' binary sextic. The relation between covariants and modular forms allows us to use constructions from representation theory to construct vector-valued Siegel modular forms. In fact, we shall show that up to multiplication by a suitable power of χ 10 , every vector-valued Siegel modular form of degree 2 can be obtained by applying a representation-theoretic construction to the form χ 6, 8 . In this sense, our form χ 6,8 may be called the 'universal vector-valued Siegel modular form of degree 2'. In fact, in practice we work with the form χ 6,3 = χ 6,8 /χ 5 which is a modular form with a character.
We show that our constructions can be used to efficiently calculate the Fourier series of vector-valued Siegel modular forms. We illustrate this with a number of significant examples where we use these Fourier series to calculate eigenvalues of Hecke operators and check instances of Harder type congruences. Similar ideas will be worked out for the case of genus 3 in a forthcoming paper. Acknowledgement. The first author thanks the Max-Planck-Institute for the hospitality he is enjoying there.
Siegel Modular Forms
The Siegel modular group Γ g = Sp(2g, Z) of degree (or genus) g acts on the Siegel upper half space H g = {τ ∈ Mat(g × g, C) :
of degree g by τ → γ · τ = (aτ + b)(cτ + d)
A scalar-valued Siegel modular form of degree g > 1 and weight k is a holomorphic function f : H g → C satisfying
for all γ ∈ Γ g . (For g = 1 we also need a growth condition at infinity.) If W is a finite-dimensional complex vector space and ρ : GL(g, C) → GL(W ) a representation, then a vector-valued Siegel modular form of degree g > 1 and weight ρ is a holomorphic map f : H g → W such that
for all γ ∈ Γ g . Siegel modular forms can be interpreted as sections of vector bundles. The moduli space A g (C) = Γ g \H g of complex principally polarized abelian varieties carries an orbifold vector bundle of rank g, the Hodge bundle E, defined by the factor of automorphy given by j(γ, τ ) = (cτ + d) . Its determinant L = det(E) defines a line bundle. A scalar-valued Siegel modular form of degree g and weight k can be seen as a section of L ⊗k . A vector-valued Siegel modular form of weight ρ can be viewed as a section of the vector bundle E ρ , that is defined by the factor of automorphy j(γ, τ ) = ρ(cτ + d). The vector bundle E and the bundles E ρ extend in a canonical way to toroidal compactifications of A g and the Koecher principle says that their sections do so too.
We are interested in the case g = 2. An irreducible representation of GL(2, C) is of the form Sym j (V ) ⊗ det(V ) ⊗k for (j, k) ∈ Z ≥0 × Z with V the standard representation of GL(2, C). We denote the corresponding vector space of Siegel modular forms by M j,k (Γ 2 ) or simply by M j,k . It contains a subspace of cusp forms denoted by S j,k (Γ 2 ) or simply by S j,k . The scalar-valued modular forms correspond to the case where j = 0.
The scalar-valued modular forms of degree 2 form a ring R = ⊕ k M 0,k (Γ 2 ). Igusa showed in [14] that R is generated by modular forms E 4 , E 6 , χ 10 , χ 12 and χ 35 of weight 4, 6, 10, 12 and 35. The subring R ev of modular forms of even weight is the pure polynomial ring generated by E 4 , E 6 , χ 10 and χ 12 , and the form χ 35 satisfies a quadratic equation over R ev expressing χ 2 35 as a polynomial in E 4 , E 6 , χ 10 and χ 12 . The bi-graded R-module M = ⊕ j,k M j,k can also be made into a ring by using the canonical projections Sym
defined by multiplying homogeneous polynomials of degree j 1 and j 2 in two variables to define the multiplication.
The ring M of vector-valued modular forms is not finitely generated as shown by Grundh, see [9, p. 234 ].
Invariants and Covariants of Binary Sextics
Let V be a 2-dimensional vector space (over C), generated by elements x 1 and x 2 . We will denote by Sym 6 (V ) the space of binary sextics, where we write a binary sextic as
The group GL(2, C) acts on V via (
This induces an action of GL(2, C) on Sym 6 (V ), and similarly actions of PGL(2, C) and SL(2, C) on X = P(Sym 6 (V )). We take (a 0 : a 1 : . . . : a 6 ) as coordinates on the projectivized space X .
The space X carries the natural ample line bundle L = O P(Sym 6 (V )) (1). On L we have an action of the group SL(2, C) that is compatible with the action on the projectivized space X of binary sextics, see [21] . We can retrieve X as the projective scheme Proj(⊕ n H 0 (X , L n )). The ring of invariants is defined as the graded ring
Thus an invariant can be seen as a polynomial in the coefficients a i of f that is invariant under the action of SL(2, C). The ring of these invariants was determined in the 19th century by work of Clebsch and Bolza [5, 3] . It is generated by elements A, B, C, D and E of degrees 6, 12, 18, 30 and 45 in the roots of the binary sextic. We normalize their degree by taking the degree in the roots divided by 3. The invariant D is the discriminant and E satisfies a quadratic equation expressing E 2 in the even invariants.
Given the representation of GL(2, C) on V and on Sym 6 (V ) we look at equivariant inclusions of GL(2, C)-representations
or equivalently at equivariant inclusions
The image ϕ(1) is denoted Φ = Φ(ϕ) and called a covariant.
is the irreducible representation of GL(2, C) of highest weight λ = (λ 1 , λ 2 ) with λ 1 ≥ λ 2 then the covariant Φ can be viewed as a form of degree d in the variables a 0 , . . . , a 6 , of degree λ 1 − λ 2 in x 1 and x 2 and may be denoted by Φ(d, ι A ), or simply by
Example 3.1. The tautological f . As a first example we consider the (tautological) case where d = 1 and A = Sym 6 (V ) and we take ι A = id Sym 6 (V ) . Then the covariant Φ = ϕ(1) can be viewed as the universal binary sextic f = J a J x J given by (1). 
The covariant Φ corresponding to A [8, 4] is given by
Moreover, Φ(2, A [6, 6] ) is an invariant equal to a 0 a 6 −6 a 1 a 5 +15 a 2 a 4 −10 a The covariants of the action of SL(2, C) form a graded ring C. This ring can be identified with the ring of invariants
where we write V i = Sym i (V ), see [23, p. 55] . It was shown in the 19th century by Clebsch and others that the ring C is generated by 26 elements (5 invariants and 21 other covariants) [5, p. 296] . Covariants corresponding to an irreducible representation A[λ] with λ 1 + λ 2 = 6 d can be calculated by the so-called symbolic method. We refer to [10] , [4] and [22, p. 214 ].
Covariants and Siegel Modular Forms
The moduli space of curves of genus 2 admits two different descriptions. First, using the Torelli morphism t we can view M 2 as an open subspace of the moduli space A 2 of principally polarized abelian surfaces. The complement of the image t(M 2 ) in A 2 is the divisor A 1,1 of products of elliptic curves. Over the complex numbers we can view
The second description of M 2 is as the GIT quotient associated to the action of GL(2, C) on the space X = Sym 6 (V ) of binary sextics. A binary sextic f (x 1 , x 2 ) with non-vanishing discriminant determines a curve C of genus 2 with affine equation y 2 = f (x) withf (x) = f (x, 1). Moreover, the curve C comes with a basis of the space of differentials given by xdx/y and dx/y.
We let GL(2, C) act on the pairs (x, y) by
This gives an action dx → (ad − bc) dx/(cx + d) 2 and hence an action by det(A) A on our basis xdx/y, dx/y.
Using this we can identify the moduli space M 2 with the algebraic stack [Y /GL(2, C)] with Y the algebraic stack of curves with a framed Hodge bundle: the objects of Y are pairs (π, α) with π : C → S a curve of genus 2 and an isomorphism α :
We thus have (see [24] )
0 ⊂ X be the complement of the discriminant locus. We have a natural identification of Y with X 0 such that the above action of GL(2, C) on Y corresponds to the action of GL(2, C) on X given by A • f = f (ax 1 + bx 2 , cx 1 + dx 2 ). This implies the following corollary. 
This can be extended to include the locus of binary sextics with at least five distinct zeros. We write a binary sextic with five zeros as (x − α) 2 f 4 with f 4 a binary quartic with non-zero discriminant and f 4 (α) = 0. To this we associate the nodal curve C which is obtained by associating to f 4 the genus 1 curve C 1 given by w 2 =f 4 withf 4 = f 4 (x, 1) and identifying the two points of C 1 lying over x = α. It comes with two differential forms dx/w and dx/(x − α)w; the latter form has poles with opposite residues in the two points of C 1 lying over x = α. The connection with the case of sextics with non-vanishing discriminant is given by setting y = w(x − α). In this way we can associate to a binary sextic with at least five zeros a nodal curve with a frame of the Hodge bundle. The group GL(2, C) acts by
The identification [Y /GL(2, C)] ∼ = M 2 can be extended if we include for Y the case of irreducible nodal curves of arithmetic genus 2 with one node and replace M 2 by M 2 −∆ 1 with ∆ 1 the locus of reducible curves. The conclusion of Corollary 4.1 is still valid. In a similar way it can be extended to the case of binary sextics all of whose zeros have multiplicity ≤ 2. We denote by X s the open subset of X of stable sextics, that is, binary sextics none of whose zeros have multiplicity ≥ 3.
A scalar-valued Siegel modular form F of weight k on Γ 2 is by definition a section of the line bundle L k with L = det(E) onÃ 2 , the standard toroidal compactification (equal to M 2 ), and its pullback to X s will give rise to an invariant section of det(V ) 3k on X , that is, an invariant i F , hence an invariant on all of X. This gives a map from the ring of scalar-valued Siegel modular forms R to the ring of invariants
Igusa defined this injective map in a slightly different way in [16] . By Igusa's map we can view I as a ring of meromorphic Siegel modular forms. The generators E 4 , E 6 , χ 10 , χ 12 and χ 35 of R correspond to non-zero multiples of B, AB − 3C, D, AD and D 2 E (see [16, p. 848] ). We see that every invariant defines a meromorphic modular form F such that χ m 10 F is holomorphic for an appropriate power m. In other words we have inclusions
where R χ 10 is obtained by inverting χ 10 . Moreover, the ideal of R of cusp forms maps to (D), the ideal generated by the discriminant (cf. [16, p. 845] ). The relation between invariants and scalar-valued Siegel modular forms can be extended to a relation between covariants and vector-valued Siegel modular forms. A section F of Sym j (E) ⊗ det(E) k will by pullback under q give rise to a section of Sym j (V ) ⊗ det(V ) j+3k , hence to a covariant of the action of SL(2, C) on Sym 6 (V ). We get inclusions similar to those above
Note that the ring M of vector-valued modular forms is not finitely generated, but the ring C of covariants is. Any covariant defines a meromorphic Siegel modular form the polar locus of which is either empty or the divisor A 1,1 . A covariant, that is, an equivariant section of Sym
on A 2 − A 1,1 . If F extends to a holomorphic section of some Sym j (E) ⊗ det(E) k on A 2 , then it extends as a section of that bundle to all ofÃ 2 by the Koecher principle. If the section F has an order −ν(F ) along the divisor A 1,1 then multiplying F with χ ⌈ν(F )/2⌉ 10 makes it into a holomorphic section. Similarly, multiplication with χ ν(F ) 5 makes it into a holomorphic modular form with character of weight (p, (q − p)/3 + 5ν(F )), see the next section. In particular, we can apply this to the universal binary sextic f given in Example 3.1. It thus defines a meromorphic Siegel modular form of weight (6, −2).
5.
The Forms χ 10 and χ 6, 8 In this paper two modular forms (and two closely related ones) will play a central role. The modular forms are χ 10 and χ 6,8 and the related ones χ 5 and χ 6,3 . Up to a normalization the modular form χ 5 is defined as the product of the ten even theta constants and χ 10 = χ 2 5 is its square. The form χ 5 can be seen as a cusp form of weight 5 on the congruence subgroup Γ 2 [2] of level 2 which is invariant under the alternating group A 6 ⊂ S 6 = Sp(4, Z/2Z); alternatively it can be seen as a modular form on Γ 2 with character ǫ. (The abelianization of Γ 2 is Z/2Z, see [19, Satz 3] , [20] .) The Fourier expansion of χ 5 follows from its definition and starts as 12 . We will be interested in the development of χ 5 and χ 10 along the locus
given by τ 12 = 0. Note that the pullback to A 1 × A 1 of the normal bundle along A 1,1 is the dual of the product E ⊠ E of the (pullback of the) Hodge bundles of the two factors, see [6, p. 23] .
We need the concept of a quasi-modular form and refer to [18] and to [25] . For even k ≥ 2 we will denote the Eisenstein series of weight k on SL(2, Z) by e k . Its Fourier expansion is given by
with B k the kth Bernoulli number and σ r (n) = d|n d r . For a subgroup Γ of finite index of the full modular group SL(2, Z) we denote by M * (Γ) = ⊕ k M k (Γ) the graded ring of modular forms and by M * (Γ) = ⊕ k M k (Γ) the graded ring of quasi-modular forms on Γ. We have a differential operator
dq that sends quasi-modular forms to quasi-modular forms. We refer to [18] for the following facts.
. Furthermore, for even k > 0 we have
We develop χ 10 as a Taylor series in the normal direction of
Since sections of the Hodge bundle onÃ 1 are modular forms and since we know that the operator D sends the ring of quasi-modular forms on SL(2, Z) to itself, it follows that the terms in the Taylor series of χ 10 on H 2 along H 1 × H 1 are quasi-modular forms. Using the definition in terms of even theta constants we can calculate the expansions of χ 10 and χ 5 .
Lemma
Similarly, for the development of χ 5 as a Taylor series in the normal direction we need the square root of ∆ which is the modular form
of weight 6 on the congruence subgroup Γ 1 (2). If we use s = πiτ 12 as the normal coordinate then we find the development
The second form that plays a central role is the form χ 6,8 (and its relative χ 6,3 ). We defined this vector-valued Siegel modular form of weight (6, 3) with character ǫ on Γ 2 in the paper [7, Example 16 .1] using the gradients of the six odd theta series ϑ m i (τ, z) (i = 1, . . . , 6) with characteristics in degree 2:
here the constant c ∈ C * is chosen such that the Fourier expansion of χ 6,3 starts as follows
where Q 1 = e iπτ 1 , Q 2 = e iπτ 2 and R = e iπτ 12 . The form χ 6,3 is a modular form of weight (6, 3) with character ǫ on Γ 2 . Alternatively, it can be viewed as a form on the level 2 principal congruence subgroup Γ 2 [2] that is invariant under the action of the alternating group A 6 . We define χ 6,8 ∈ S 6,8 (Γ 2 ) as the product χ 6,3 χ 5 .
Using the definition with the gradients we find the Taylor expansion of χ 6,3 in the normal direction along H 1 × H 1 with s = πiτ 12 as coordinate: The modular form χ 6,8 was first given by Ibukiyama using theta series with pluriharmonic coefficients, see [12] . It is the first vector-valued (non scalar-valued) modular form if one orders them according Deligne weight (= j + 2k − 3).
Modular Forms Associated to Covariants
Recall from Section 4 the inclusions
We wish to describe the map c explicitly. For this we consider the meromorphic modular form χ 6,3 /χ 5 of weight (6, −2) (without character). It is holomorphic on A 2 − A 1,1 , hence defines by Lemma 4.1 under pullback a covariant, a section of Sym 6 (V ). Up to a non-zero multiplicative scalar r we thus find the tautological f (see Example 3.1), hence
We will discard the factor r and assume that r = 1 by normalizing f appropriately. But every covariant can be constructed from f . In fact, let h be a covariant associated to the irreducible representation A[p + q, q] in Sym d (Sym 6 (V )). It can be viewed as a form of degree d in a 0 , . . . , a 6 , the coefficients of f , and of degree p (resp. q) in the coordinates x 1 and x 2 , or simply as a vector of length p + 1 with entries which are polynomials of degree d in a 0 , . . . , a 6 . Now write the Fourier expansion of χ 6,3 as a vector (α 0 , 6 α 2 , 15 α 2 , 20 α 3 , . . . , α 6 ) t , or more symbolically as
where α i is a Taylor series in Q 1 , Q 2 and R and R −1 , and the X 6−i Y i indicate the coordinate places. Define a map
where F h is obtained by substituting α i for a i in h. When h is viewed as a vector of length p + 1 this gives the p + 1 entries of a holomorphic vector-valued modular form F h of weight (p, q + 3d). In particular, we have
and we see that the order of c(h) along H yields a holomorphic modular form on Γ 2 (with or without a character) of weight (p, q + 3d − 5ν(F h )).
Conclusion 6.1. Every vector-valued modular form of given weight on Γ 2 can be constructed from a covariant by substituting the Fourier coefficients of χ 6,3 and by multiplying with an appropriate power of χ 5 . The same holds for modular forms on Γ 2 with a character.
We shall see in the next sections that this gives a very effective way of constructing the Fourier expansions of vector-valued modular forms of degree 2. In fact, we can calculate the Fourier expansion of χ 6,3 and χ 5 easily as these are given in terms of theta functions.
Remark 6.2. The central role that χ 6,3 plays can be explained as follows. It is wellknown that for a smooth curve C of genus 2 there are six symmetric translates of the theta divisor, each isomorphic to C, in the Jacobian Jac(C) passing through the origin. The tangents to these six curves give six points in the projectivized tangent space at the origin, that is, six points on P 1 . That is the way to retrieve the sextic as was remarked by Bolza, see [3, p. 481] . In terms of odd theta characteristics this means that if we write the Taylor expansion of the odd theta functions as ϑ m i = c i,1 z 1 + c i,2 z 2 + higher order terms, then we get the form χ 6,3 up to a normalization as the product of these linear terms
Construction of Modular Forms
In this section we give examples of constructions of vector-valued and scalar-valued modular forms using covariants. Our point of departure is the Fourier series of χ 6,3 that we calculated as in (4) Notice that all the latter spaces are one dimensional. The modular form in S 12,6 is the square of χ 6,3 and this gives us its Fourier expansion immediately.
The covariant corresponding to s [10, 2] is the Hessian and we thus find a modular form χ 8,8 ∈ S 8,8 with coordinates (symmetric in the sense that interchanging α i and α 6−i reverses the vector) which we normalize such that its Fourier expansion starts with:
where as before q 1 = e 2iπτ 1 , q 2 = e 2iπτ 2 and r = e 2iπτ 12 . By restriction along H 1 × H 1 we find a non-zero multiple of the transpose of (0, . . . , 0, ∆ ⊗ ∆, 0, . . . , 0) which shows that χ 8, 8 is not divisible by χ 5 . Similarly, the covariant yielding a modular form in S 4,10 has coordinates that are reversed under interchanging α i and α 6−i
We normalize the resulting form χ 4,10 such that
Its restriction to H 1 × H 1 is a non-zero multiple of (0, 0, ∆ × ∆, 0, 0) t , and we thus cannot divide by χ 5 . Finally, we get a non-zero form in S 0,12 by taking
which we normalize so that it starts by χ 12 = (r + 10 + 1/r)q 1 q 2 + · · · . One immediately gets the Fourier expansion of χ 12 .
In all these cases we checked the Fourier expansion by calculating Hecke eigenvalues for the Hecke operators T (p) for primes p ≤ 23 and checked that these fit with the values provided by [8] and [1] . We give the Hecke eigenvalues for χ 8, 8 and χ 12, 6 in a table in Section 10. which by the procedure of the last section leads to modular forms of weights (18, 9) , (14, 11) , (12, 12) , (10, 13) , (8, 14) , (6, 15) and (2, 17) on the group Γ 2 with a character. If these forms are divisible by χ 5 or χ 10 we will find forms of smaller weight. Note that in the case of weight (6, 15) we find a 2-dimensional space of modular forms. In the cases of weight (18, 9) , (14, 11) , (10, 13) , (2, 17 ) the restriction of the corresponding form to H 1 × H 1 is a non-zero multiple of the transpose of a vector of the form (0, . . . , 0, ∆δ ⊗ ∆δ, 0, . . . , 0) and thus gives non-zero modular forms and these forms are not divisible by χ 5 . We analyze the remaining three cases. In the case of weight (12, 12) our form vanishes with order 2 on H 2 1 ; dividing by χ 10 yields a form χ 12,2 on Γ 2 with character whose Fourier expansion starts with
Note that its square Sym 2 χ 12,2 is the generator of the space S 24,4 . Similarly, in the case of weight (8, 14) our form vanishes with order 2 along H 2 1 and by dividing by χ 10 we find a form of weight (8, 4) with character.
The representation A [12, 6] occurs with multiplicity 2 in Sym 3 (Sym 6 (V )) and we thus can find two linearly independent covariants, say h 1 and h 2 . The general linear combination of these two gives a modular form that upon restriction to H 2 1 yields a non-zero multiple of the transpose of
The linear combination that vanishes along H 2 1 vanishes with multiplicity 2 and by division by χ 10 we find a cusp form with character of weight (6, 5) the Fourier expansion of which starts with
Further Examples
Here we look at a few cases with d = 4 and d = 5. We then use the covariants to construct modular forms from χ 6,3 . By calculating the behavior along H (12, 18) (resp. weight (8, 20) ). We can calculate generating modular forms using the expressions for the covariants and observe that in both cases there is a 2-dimensional subspace of forms vanishing with order 2 along H 2 1 . Dividing these forms by χ 10 yields a 2-dimensional space of cusp forms of weight (12, 8) (resp. (8, 10) ). By analyzing their behavior along H We give the details for A [16, 8] . We find a 3-dimensional space of cusp forms γ(h) in M as h ranges over the space of covariants associated to d = 4 and A [16, 8] 
The action of the Hecke operator T 2 on G 1 and G 2 is as follows:
We get two Hecke eigenforms in S 8,10 , namely χ
8,10 = (37 ± √ 2185)G 1 − 34 G 2 , on which the Hecke operator T 2 acts with eigenvalues (3720 ± 120 √ 2185). For the case of A [18, 6] , leading to modular forms of weight (12, 18) and after division by χ 10 to a 2-dimensional space of cusp forms of weight (12, 8) , the story is very similar and we can caluculate the Fourier expansions and Hecke eigenvalues as well. We list these eigenvalues for weight (8, 10) and (12, 8) The restriction of G 1 (resp. G 2 ) to H We give the details for the case of λ = (18, 12) , where the 4-dimensional space of covariants produces modular forms of weight (6, 27) with character. We find a 2-dimensional subspace of modular forms vanishing with multiplicity ≥ 3, and dividing these by χ 3 5 produces a basis of S 6,12 which is of dimension 2. The two basis elements G 1 and G 2 have Fourier expansions starting with
One calculates the action of the Hecke operator T 2 and finds
and obtains eigenforms χ
In a similar way one finds a basis for the following 2-dimensional spaces of cusp forms S 14,8 , S 12,9 and S 10,10 . One thus can calculate Hecke eigenvalues from the Fourier expansions. We give the results in the tables in Section 10.
The cusp form G 2 vanishes identically along H 2 1 and G 2 /χ 5 generates the 1-dimensional space S 6,7 (Γ 2 , ǫ).
9.
A Final Example: The Space S 4, 16 In this section we illustrate the effectivity of our approach and show how one can use covariants to construct a basis for the 3-dimensional space S 4,16 and use this to calculate eigenvalues for the Hecke operators.
In the decomposition of Sym 8 (Sym 6 (V )) the irreducible representation A[26, 22] of GL(2, C) occurs with multiplicity 7. By the construction of Section 6 this leads to a 7-dimensional subspace of S 4,46 vanishing with multiplicity ≥ 7 at the divisor at infinity. The restriction to H (4, 16) . We normalize these forms such that their Fourier expansion starts with:
4(7 r 2 +214 r−214 r −1 −7 r −2 ) 2(27 r 2 +504 r−1062+504 r −1 +27 r −2 ) 4(10 r 2 +76 r−76 r −1 −10 r −2 ) 2(5 r 2 +76 r+1134+76 r −1 +5 r −2 )    q The Hecke eigenvalues generate the totally real field Q(α) of degree 3 over Q of discriminant 43803704. We give some Hecke eigenvalues for this form. Harder predicted in [11] congruences between elliptic modular forms and Siegel modular forms. In the case at hand, the critical value at s = 20 of the L-series Γ(s)(2π) −s L(f, s) of a Hecke eigenform f = n a(n)q n of weight 34 for SL(2, Z) is divisible by the prime 1571 and we therefore expect for every prime p a congruence of the form 
Tables
In this section we give the Hecke eigenvalues of some modular forms constructed above using covariants. We checked that these eigenvalues are consistent with the results of [1, 2, 8] . The form χ 8, 8 generates S 8, 8 and χ 12, 6 generates S 12, 6 . The forms χ form a basis of the 2-dimensional space S 6,12 ; similar notation is used for weights (10, 10) , (12, 9) and (14, 8) . 
